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UPPER BOUND FOR THE GROMOV WIDTH OF COADJOINT
ORBITS OF COMPACT LIE GROUPS
ALEXANDER CAVIEDES CASTRO
Abstract. We find an upper bound for the Gromov width of coadjoint
orbits of compact Lie groups with respect to the Kostant–Kirillov–Souriau
symplectic form by computing certain Gromov–Witten invariants. The ap-
proach presented here is closely related to the one used by Gromov in his
celebrated non-squeezing theorem.
1. Introduction
The Gromov width of a symplectic manifold (M2n, ω) is defined as
Gwidth(M2n, ω) := sup{pir2 : ∃ a symplectic embedding (B2n(r), ωst) ↪→ (M2n, ω)},
where B2n(r) := {(x1, · · · , xn, y1, · · · , yn) : ∑ni=1(x2i + y2i ) < r} denotes the
open ball of radius r and center the origin in R2n and ωst :=
∑n
i=1 dxi ∧ dyi
denotes the standard symplectic form defined on B2n(r).
The Darboux theorem in symplectic geometry implies that the Gromov width
of any symplectic manifold is always positive.
In this paper, we are interested in finding upper bounds for the Gromov width
of coadjoint orbits of compact Lie groups with respect to the Kostant–Kirillov–
Souriau form. The main result in this paper is summarized in the following
theorem:
Theorem 1.1 (Main Theorem). Let G be a compact connected simple Lie
group with Lie algebra g. Let T ⊂ G be a maximal torus and let Rˇ be the
corresponding system of coroots. We identify the dual Lie algebra t∗ with the
fixed points of the coadjoint action of T on g∗. For λ ∈ t∗ ⊂ g∗, let Oλ be the
coadjoint orbit passing through λ and ωλ be the Kostant–Kirillov–Souriau form
defined on Oλ. Then
Gwidth(Oλ, ωλ) ≤ min
αˇ∈Rˇ
〈λ,αˇ〉6=0
|〈λ, αˇ〉|
The proof of the Main Theorem follows the same line of thought as the one
given by Gromov in his non-squeezing theorem [19]. It follows from Gromov’s
work that J-holomorphic curves can be used to bound from above the Gromov
width of a symplectic manifold. Roughly speaking, if for a compact symplec-
tic manifold (M,ω) there is a non-vanishing Gromov-Witten invariant of the
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2 ALEXANDER CAVIEDES CASTRO
form GWA,k(PD[pt], α2, · · · , αk) for some degree A ∈ H2(M ;Z) and some
cohomology classes α2, · · · , αk ∈ H∗(M ;Z), then
Gwidth(M,ω) ≤ ω(A)
In this paper we use this approach to bound the Gromov width of arbitrary
coadjoint orbits of compact Lie groups. We adopt the definition of the Gromov-
Witten invariant given by Cieliebak and Mohnke for integral symplectic manifolds
[8] and we use curve neighborhoods (Buch, Mihalcea and Perrin [4]) to compute
them. We explain why in our considerations these notions are consistent and
imply the bound appearing in the Main Theorem.
The Main Theorem extends a result of Zoghi [53] for regular coadjoint orbits
of compact Lie groups that in addition satisfy a condition that Zoghi named
indecomposable. Recall that a coadjoint orbit of a compact Lie group G is
regular if it is isomorphic to G/T where T is a maximal torus of G.
In contrast to the problem of bounding the Gromov width of coadjoint orbits
from above, Pabiniak has considered the problem of bounding it from below
[45]. For instance, Pabiniak has proved that the upper bound appearing in the
Main Theorem is indeed an equality for arbitrary coadjoint orbits of U(n) and
certain coadjoint orbits of SO(n) with some technical assumptions made on λ.
Together with our result, this yields the following theorem for coadjoint orbits
of U(n):
Theorem 1.2. Let us identify the Lie algebra of U(n) with its dual via the
ad–invariant inner product
(A,B)→ tr(A ·B)
For (λ1, · · · , λn) ∈ Rn, let λ = idiag(λ1, · · · , λn) ∈ u(n) ∼= u(n)∗. Let Oλ be
the coadjoint orbit of U(n) passing through λ ∈ u(n)∗ and ωλ be the Kostant-
Kirillov-Souriau form defined on the coadjoint orbit, then
Gwidth(Oλ, ωλ) = min
λi 6=λj
|λi − λj |
A coadjoint orbit of U(n) can be identified with a partial flag manifold. Two
special cases are the full flag manifold and the Grassmannian manifold. The
above theorem extends the results of G. Lu [36]; Karshon and Tolman [27] for
Grassmannian manifolds and Zoghi [53] for indecomposable flag manifolds to
partial flag manifolds.
In addition to the examples metioned above, several authors have used Gro-
mov’s method for bounding the Gromov width of other families of symplectic
manifolds such as G. Lu [37], McDuff and Polterovich [42] and Biran [2].
This paper is organized as follows: in the second section, we review the J-
holomorphic tools that we use throughout the text, and then we explain how
upper bounds for the Gromov width of symplectic manifolds manifolds can be
obtained by a non-vanishing Gromov–Witten invariant. In the third section, we
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recall background on the geometry of coadjoint orbits of compact Lie groups
and homogeneous spaces. In the fourth section, we define the concept of curve
neighborhood and indicate its relation with Gromov-Witten invariants. In the
fifth section, we show the upper bound appearing in the Main Theorem for
Grassmannian manifolds. In the sixth section, the Main Theorem is proven for
non-regular coadjoint orbits of compact Lie groups. In the appendix, we discuss
about fibrations of homogeneous spaces and show two technical lemmas that
are needed in the proof of the Main Theorem for Grassmannian manifolds.
Acknowledgments I would like to thank Yael Karshon for introducing me
this problem and for encouraging me during the writing process of this paper. I
also would like to thank to Milena Pabiniak for useful conversations and helpful
comments on the first draft.
2. J-holomorphic curves
In this section we give a short review of pseudoholomorphic theory and
Gromov-Witten invariants, and we show how pseudoholomorphic curves are re-
lated with the Gromov width of a symplectic manifold. Most of the material
presented here is adapted from McDuff and Salamon [43].
2.1. Pseudoholomorphic curves. Let (M2n, ω) be a compact symplectic ma-
nifold. An almost complex structure J on (M,ω) is a smooth operator J :
TM → TM such that J2 = − Id . We say that an almost complex structure J
is compatible with ω if
g(· , · ) := ω(· , J · )
defines a Riemannian metric on M . We denote the space of almost complex
structures compatible with ω by J (M,ω).
Let (CP1, j) be the Riemann sphere with its standard complex structure j.
Let J ∈ J (M,ω). A map u : CP1 → M is a J-holomorphic curve of genus
zero or simply a J-holomorphic sphere if for every z ∈ CP1
du(z) + J(z) ◦ du(z) ◦ j = 0
The degree of a J-holomorphic sphere u : CP1 →M is
deg u := u∗[CP1] ∈ H2(M ;Z)
A homology class A ∈ H2(M ;Z) is spherical if it is in the image of the Hurewicz
homomorphism pi2(M)→ H2(M ;Z).
A curve u : CP1 → M is said to be multiply covered if it is the composite
of a holomorphic branched covering map (CP1, j)→ (CP1, j) of degree greater
than one with a J-holomorphic map CP1 →M. It is simple if it is not multiply
covered.
Let k be a nonnegative integer. A nodal curve of genus zero with k-marked
points is a tuple (Σ; z1, · · · , zk) consisting of a compact nodal Riemman surface
Σ of arithmetic genus zero together with a set of k-pairwise different points
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z1, · · · , zk that are not nodes of Σ. We denote a nodal curve with k-marked
points (Σ; z1, · · · , zk) by z and call Σz := Σ the nodal surface of z. A nodal
curve with k-marked points z is stable if the number of nodes and marked
points in any irreducible component of Σz is greater or equal to three. Two
nodal curves with k-marked points z = (Σ; z1, · · · , zk), z′ = (Σ′; z′1, · · · , z′k) are
equivalent if there exists an isomorphism of curves φ : Σ→ Σ′ such that φ maps
{z1, · · · , zk} bijectively onto {z′1, · · · , z′k}. We denote byMk the moduli space
of equivalent classes of stable nodal curves of genus zero with k-marked points.
A smooth curve with k-marked points is a pair (u ; z) consisting of a
nodal curve with k-marked points z and a smooth map u : Σz →M. A smooth
sphere with k-marked points is a smooth curve with k-marked points (u ; z)
such that Σz is isomorphic with CP1. A smooth curve with k-marked points
(u ; z) is J-holomophirc if the restriction of u on each of the irreducible com-
ponents of Σz is J-holomorphic. A J-holomorphic curve (u ; z) is simple if
Σz is isomorphic with CP1 and u is simple. Two J-holomorphic curves with
k-marked points (u; z), (u′; z′) are equivalent if there exists an isomorphism
φ : Σz → Σz′ of curves such that u′ = u ◦ φ and φ maps z bijectively onto z′.
A J-holomorphic curve with k-marked points (u; z) is stable if the number of
marked and nodal points in any component of Σz is greater or equal to three
whenever the restriction of u on the component is constant.
Let A ∈ H2(M ;Z). We denote by MA,k(M,J) the moduli space of equiv-
alent classes [(u; z)] of stable J-holomorphic curves with k-marked points of
degree deg Σz := u∗[Σz] = A. We denote by MA,k(M,J) the moduli space
of equivalent classes of J-holomorphic spheres [(u; z)] in MA,k(M,J) and by
M∗A,k(M,J) the moduli space of equivalent classes of simple J-holomorphic
spheres [(u; z)] in MA,k(M,J). The moduli space MA,k(M,J) is compact
with respect to the Gromov topology (see McDuff and Salamon [43]). The
evaluation map
evkJ = (ev1, . . . , evk) :MA,k(M,J)→Mk
is defined by
evkJ [u; (Σ; z1, · · · , zk)] = (u(z1), · · · , u(zk)).
We denote by Jreg(M,ω) ⊂ J (M,ω) the set of almost complex structures
that are regular in the sense of McDuff and Salamon [43, Definition 3.1.4,
Section 6.2]. When J is a regular almost complex structure, the moduli space
M∗A,k(M,J) is a smooth oriented manifold of dimension equal to
dimM + 2c1(A) + 2k − 6,
where c1 denotes the first Chern class of TM (see e.g. McDuff and Salamon
[43]).
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2.2. The Gromov width and pseudoholomorphic curves. For r > 0, let
B2n(r) :=
{
(x1, · · · , xn, y1, · · · , yn) ∈ R2n :
n∑
i=1
(x2i + y2i ) < r2
}
denote the open ball in R2n of radius r and center the origin. Let
ωst :=
n∑
i=1
dxi ∧ dyi
be the standard symplectic form defined on B2n(r). Given a symplectic manifold
(M2n, ω), its Gromov’s width is defined as
Gwidth(M2n, ω) := sup {pir2 : ∃ a symplectic embedding (B2n(r), ωst) ↪→ (M2n, ω)}
The Darboux theorem implies that the Gromov width of a symplectic manifold
is always positive. Moreover, if the symplectic manifold is compact, its Gromov
width is finite.
For a symplectic manifold (M,ω) and a homology class A ∈ H2(M ;Z) we
denote by ω(A) the symplectic area of A.
The following statement goes back to Gromov and shows the relation between
the Gromov width of a symplectic manifolds and its pseudoholomorphic curves.
Theorem 2.1 (Gromov [19]). Let (M2n, ω) be a compact symplectic manifold
and A ∈ H2(M ;Z) be a nontrivial spherical class. Suppose that for any almost
complex structure J˜ ∈ J (M,ω) and for any point p ∈ M there exists a J˜-
holomorphic sphere of degree B passing through p with 0 < ω(B) ≤ ω(A).
Then for any symplectic embedding B2n(r) ↪→M, we have
pir2 ≤ ω(A)
In particular,
Gwidth(M,ω) ≤ ω(A).
Proof. Let us suppose that there exists a symplectic embedding
ρ : B2n(r) ↪→M
Let Jst be the standard almost complex structure defined on the open ball
B2n(r). Given  ∈ (0, r), let J˜ be an almost complex structure that is equal to
ρ∗(Jst) on the open set D := ρ(B2n(r − )) ⊂M. By assumption, there exists
a J˜-holomorphic sphere u : CP1 → M of degree B passing through ρ(0) with
0 < ω(B) ≤ ω(A). The restriction of u to S := u−1(D) ⊂ CP1, gives a proper
holomorphic map
u′ : S → B2n(r − )
that passes through the origin. The monotonicity theorem implies that the area
of this curve is bounded from below by pi(r − )2. As a consequence,
pi(r − )2 ≤ area(u′) ≤ area(u) = ω(B) ≤ ω(A)
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Since this inequality is true for every  ∈ (0, r),
pir2 ≤ ω(A) 
2.3. Pseudocycles. In order to define the Gromov-Witten invariants, we review
the notion of pseudocycle. A subset Ω ⊂ X of a manifold X has dimension
at most d if Ω is contained in the image of a smooth map g : N → X from a
manifold of dimension dimN ≤ d. A smooth map f : M → X from an oriented
d-manifold M to a manifold X is called d-dimensional pseudocycle if f(M)
has compact closure and its omega limit set
Ωf :=
⋂
K⊂M compact
f(M −K)
has dimension at most d − 2. Roughly speaking this means that f(M) can be
compactified by adding strata of codimension at least two.
Two d-dimensional pseudocycles fi : Mi → X, i = 0, 1, are called cobordant
if there exists a smooth map F : W → X from an oriented (d+ 1)-manifold W
with boundary ∂W = M1 −M0 such that F |Mi = fi and dim ΩF ≤ d− 1.
Two pseudocycles fi : Mi → X, i = 0, 1, are called strongly transverse if
Ωf0 ∩ f1(M1) = ∅, f0(M0) ∩ Ωf1 = ∅
and f1(m1) = f2(m2) = x implies TxX = im df1|m1 + im df2|m2 .
There exists a set Diffreg(X, f1, f2) ⊂ Diff(X) of the second category such
that f1 is strongly transverse to φ◦ f2 for every φ ∈ Diffreg(X, f1, f2). If f1 and
f2 are strongly transverse, the set {(m1,m2) ∈ M1 ×M2 : f1(m1) = f2(m2)}
is a compact manifold of dimension dimM1 + dimM2 − dimX. In particular,
this set is finite if M1 and M2 are of complementary dimension. In this case,
the intersection number of f1 and f2 is defined as
](f1 t f2) :=
∑
m1∈M1,m2∈M2
f1(m1)=f2(m2)
f1(m1) · f2(m2),
where f1(m1) · f2(m2) denotes the intersection number of f1(M1) and f2(M2)
at f1(m1) = f2(m2). The intersection number f1 t f2 depends only on the
bordism classes of f1 and f2 (McDuff and Salamon [43][Section 6.5]).
2.4. The Gromov width and Gromov-Witten invariants of semipositive
symplectic manifolds. A symplectic manifold (M2n, ω) is semipositive if, for a
spherical class A with positive symplectic area, c1(A) ≥ 3−n implies c1(A) ≥ 0.
Let (M,ω) be a semipositive symplectic manifold. Let A be a spherical class
and k be a nonnegative integer. For J ∈ Jreg(M,ω), the evaluation map
evkJ :M∗A,k(M,J)→Mk
defines a pseudocycle of dimension equal to
dimM + 2c1(A) + 2k − 6
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The pseudocycle evkJ : M∗A,k(M,J) → Mk, up to cobordism, is independent
of the regular almost complex structure J ∈ Jreg(M,ω) (see e.g. McDuff and
Salamon [43, Chapter 6]).
Let J ∈ Jreg(M,ω) and a1, · · · , ak be cohomology classes of total degree
k∑
i=1
deg ai = dimM + 2c1(A) + 2k − 6
If the cohomology classes ai are Poincaré dual to the fundamental classes of
cycles Xi ⊂ M so the evaluation map evkJ :M∗A,k(M,J) → Mk is transversal
to X1× · · · ×Xk ⊂Mk, the Gromov-Witten invariant GWJA,k(a1, . . . , ak) is
the intersection number
GWJA,k(a1, . . . , ak) := ] evkJ t (X1 × · · · ×Xk)
The Gromov-Witten invariant GWJA,k(a1, . . . , ak) is well-defined, finite and in-
dependent of the regular almost complex structure J and of generic perturbation
of X1 × · · · ×Xk (McDuff and Salamon [43, Theorem 6.6.1, Theorem 7.1.1]).
Remark 2.2. Let (M,ω) be a compact symplectic manifold that is not necessar-
ily semipositive. For J ∈ J (M,ω), we say that a homology class B ∈ H2(M ;Z)
is J-indecomposable if it can not be decomposed as a sum B = B1 + · · ·+Bl,
where l ≥ 2 and each Bi has a nonconstant spherical J-holomorphic represen-
tative.
Let A ∈ H2(M ;Z) and k ∈ Z≥0. There exists a subset Jreg(A) ⊂ J (M,ω) of
the second category such that for any J ∈ Jreg(A) the moduli spaceM∗A,k(M,J)
is a smooth manifold. If J ∈ Jreg(A) and A is J-indecomposable, the evaluation
map
evkJ :M∗A,k(M,J)→Mk
defines a pseudocycle and the Gromov-Witten invariant GWJA,k can be defined
using evkJ . This Gromov-Witten invariant is defined exclusively for the regular
almost complex structure J and the J-indecomposable class A (see e.g. McDuff
and Salamon [43][Lemma 7.1.8]).
The following theorem allows us to bound the Gromov width of a semipositive
symplectic compact manifold in terms of its Gromov-Witten invariants.
Theorem 2.3. Let (M,ω) be a compact semipositive symplectic manifold. If
there exist a regular almost complex structure J, a spherical class A and co-
homology classes a2, . . . , ak Poincaré dual to the fundamental classes of cycles
X2, . . . , Xk ⊂M such that
GWJA,k(PD[pt], a2, . . . , ak) 6= 0,
then
Gwidth(M,ω) ≤ ω(A)
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Proof. For any J˜ ∈ Jreg(M,ω), the evaluation map
evk
J˜
:M∗A,k(M, J˜)→Mk
defines a pseudocycle. For a generic perturbation p˜t×X˜2×· · ·×X˜k of pt×X2×
· · ·×Xk such that the evaluation map evkJ˜ is transversal to p˜t×X˜2×· · ·×X˜k, the
Gromov-Witten invariant GWJ˜A,k(PD[pt], a2, · · · , ak) counts with appropriate
orientations the number of simple J˜-holomorphic spheres of degree A passing
through p˜t, X˜2, · · · , X˜k. By assumption, this number is different from zero and
in particular for a generic point in M there exists a J˜-holomorphic sphere of
degree A passing through it.
Let J˜ ∈ J (M,ω). The set of regular almost complex structure Jreg(M,ω) is
dense in J (M,ω) with its C∞-topology. Thus, there is a sequence of regular
almost complex structures J˜n ∈ J (M,ω) that C∞-converges to J˜ . Also, for
any point p ∈ M, we can find a sequence of points pn ∈ M that converges to
p and a sequence of J˜n-holomorphic spheres
un : CP1 →M
of degree A such that un passes through pn. The Gromov compactness theorem
implies that there exists a J˜-holomorphic sphere u : CP1 → M of degree B
passing through p with 0 < ω(B) ≤ ω(A). Therefore, by Theorem 2.1
Gwidth(M,ω) ≤ ω(A) 
2.5. The Gromov width and Gromov-Witten invariants of integral sym-
plectic manifolds. In this section we briefly review the definition of Gromov-
Witten invariants provided by Cieliebak and Monhke for integral symplectic ma-
nifold in terms of Donaldson hypersurfaces. Most of the material presented in
this section is adapted from Cieliebak and Monhke [8].
Let l be a nonnegative integer and Ml be the moduli space of equivalent
classes of stable nodal curves of genus zero with l-marked points. Let st be
the stabilization map that makes any nodal curve with l-marked points z into
a stable nodal curve st(z). The stabilization map determines a holomorphic
surjection on the corresponding nodal curves
st : Σz → Σst (z)
We denote by
pi :Ml+1 →Ml
the map that forgets the last marked point and stabilizes the result.
Let (M,ω) be a symplectic manifold. A domain-dependent almost com-
plex structure is a smooth function
K :Ml+1 → J (M,ω)
[z] 7→ K[z]
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A domain-independent almost complex structure is an almost complex
structure J ∈ J (M,ω) considered as a constant function
J :Ml+1 → J (M,ω)
[z] 7→ J
We interpret K ∈ C∞(Ml+1,J (M,ω)) in terms of the forgetful and stabi-
lization maps as follows: for any nodal curve z with l-marked points, the fiber
pi−1([st(z)]) can be identified with the nodal curve Σst(z) by parameterizing
pi−1([st(z)]) via the position of the extra marked point. The restriction of K to
pi−1([st(z)]) yields a map
Kst[z] : Σst(z) → J (M,ω)
We denote by Jl+1(M,ω) the set of domain-dependent almost complex struc-
tures that are coherent in the sense of Cielibak and Mohnke [8].
Let K ∈ Jl+1(M,ω). A smooth curve (u, z) with l-marked points is K-
holomorphic if for every z ∈ Σz,
du(z) +Kst[z](st(z), u(z)) ◦ du(z) ◦ jst(z) = 0,
where jst(z) denotes the standard complex structure defined on Σst(z). For
A ∈ H2(M ;Z), we denote by MA,l(M,K) the moduli space of equivalence
classes of K-holomorphic spheres of degree A with l-marked points and by
evlK :MA,l(M,K)→M l the corresponding evaluation map.
Let us assume now that (M,ω) is a symplectic manifold such that the sym-
plectic form ω represents a cohomology class [ω] with integer coefficients. We
call such symplectic manifolds integral. A codimension two submanifold Y ⊂M
(a hypersurface) has degree D if it represents the homology class Poincaré
dual to D[ω].
A result of Donaldson states that given an almost complex structure J ∈
J (M,ω) there exists a hypersurface Y ⊂M nearly J-holomorphic in the sense
that the Kähler angle of Y with respect to J is sufficiently small if the degree of Y
is sufficiently large. This in particular implies that if the degree of Y is sufficiently
large, for any  > 0 one can find J˜ ∈ J (M,ω) such that ‖J−J˜‖C0 <  and Y is
J˜-holomorphic (see e.g. Donaldson [10]). In this case, we call Y a Donaldson
hypersurface and (J, Y ) a Donaldson pair.
Let (J, Y ) be a Donaldson pair and D be the degree of Y. For  > 0 and
l ∈ Z≥0, we denote by Jl+1(M,ω, Y, ) the set of domain-dependent almost
complex structure K ∈ Jl+1(M,ω) that are -close to J in the C0-norm and
leave TY invariant.
Let k ∈ Z≥0, A ∈ H2(M ;Z), l := Dω(A) and K ∈ Jl+1(M,ω, Y, ). The
domain-dependent almost complex structure K induces an element pi∗kK ∈
Jk+l+1(M,ω) by composition with the map
pik :Mk+l+1 →Ml+1
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that forgets the last k marked points and stabilizes the result. We denote by
MA,k+l(M,K, Y ) the moduli space of equivalence classes of pi∗kK-holomorphic
spheres of degree A with (k + l)-marked points that map the last l marked
points to Y. We denote by evkK :MA,k+l(M,K, Y )→Mk the evaluation map
[u; (Σ; z1, · · · , zk, zk+1, · · · , zk+l)] 7→ (u(z1), · · · , u(zk)).
Theorem 2.4 (Cieliebak and Mohnke [8]). Let (M,ω) be an integral symplec-
tic manifold and (J, Y ) be a Donaldson pair consisting of an almost complex
structure J ∈ J (M,ω) and a Donaldson hypersurface Y ⊂ M of degree D
sufficienlty large. Let A ∈ H2(M ;Z) and l = Dω(A). For  > 0 small enough
there exists a subset J regl+1(M,ω, Y, ) ⊂ Jl+1(M,ω, Y, ) of the second category
such that for every k ∈ Z≥0 and K ∈ J regl+1(M,ω, Y, ) the evaluation map
evkK :MA,k+l(M,K, Y )→Mk
defines a pseudocycle. The bordism class of this pseudocycle is independent of
(J,K, Y ).
The previous theorem allows us to define for an arbitrary integral symplectic
manifolds its Gromov-Witten invariants. Let (J,K, Y ) and
evkK :MA,k+l(M,K, Y )→Mk
be as in the previous theorem. Let a1, · · · , ak be cohomology classes Poincaré
dual to the fundamental classes of cycles X1, · · · , Xk ⊂M such that the pseu-
docycle evkK : MA,k+l(M,K, Y ) → Mk is transversal to X1 × · · · ×Xk. The
Gromov-Witten invariant defined by Cieliebak and Monhke is the intersec-
tion number
GW cmA,k(a1, . . . , ak) :=
1
l!] ev
k
K t (X1 × · · · ×Xk)
The Gromov-Witten invariant GW cmA,k is well defined. It does not depend on the
choice of (J, Y,K) and of generic perturbation of X1, · · · , Xk ⊂M.
The Gromov-Witten defined by Cieliebak and Mohnke coincides with the
Gromov-Witten invariant defined in the previous section for (integral) semipos-
itive symplectic manifolds [8].
Now we show that for an integral symplectic manifold (M,ω), the Gromov-
Witten invariant GWcmA,k coincides with the Gromov-Witten invariant GWJA,k
when J is a regular domain-independent almost complex structure and A is a
J-indecomposable spherical class.
Lemma 2.5. Let (M,ω) be a compact integral symplectic manifold. Let
A ∈ H2(M ;Z) and J ∈ Jreg(A). Assume that A is a J-indecomposable class.
Then for any k ∈ Z≥1, the Gromov-Witten invariant GWJA,k coincides with the
Gromov-Witten invariant GWcmA,k
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Proof. Let k˜ ∈ Z≥1. There exists a subset J regk˜+1(A) ⊂ Jk˜+1(M,ω) of the second
category such that for every K ∈ J reg
k˜+1(A), the moduli space of K-holomorphic
spheresMA,k˜(M,K) is a smooth manifold of dimension
dimM + 2c1(A) + 2k˜ − 6,
(see e.g. Cieliebak and Mohnke [8][Corollary 5.8]). A standard transversal-
ity argument implies that if K0,K1 ∈ J regk˜+1(A) can be joined by a path of
domain-dependent almost complex structures, we can find a path {Kt}t∈[0,1] ⊂
Jk˜+1(M,ω) that joins K0 with K1 such that the moduli space
WA,k˜(M, {Kt}) :=
⋃
t∈[0,1]
MA,k˜(M,Kt)
is a smooth oriented manifold with boundary
∂(WA,k˜(M, {Kt})) =MA,k˜(M,K1)−MA,k˜(M,K0)
We claim that if K ∈ J reg
k˜+1(A) is close enough to J and can be joined to J by
a path of domain-dependent almost complex structures close enough to J, the
evaluation maps
evk˜K :MA,k˜(M,K)→M k˜, evk˜J :MA,k˜(M,J)→M k˜
define cobordant pseudocycles: first, for any almost complex structure K ∈
Jk˜+1(M,ω), we say that a homology class B ∈ H2(M) is K-indecomposable if
it can not be decomposed as a sum B = B1 + · · ·+ Bl, where l ≥ 2 and each
Bi has a nonconstant spherical K-holomorphic representative.
The set
J ind
A,k˜+1 := {K ∈ Jk˜+1(M,ω) : A is K-indecomposable}
is an open subset of Jk˜+1(M,ω). IfK ∈ J regk˜+1(A) is close enough to J and satis-
fies the assumption, we can assume that A isK-indecomposable and that we can
find a path {Kt}t∈[0,1] ⊂ J indA,k˜+1 that joins K with J such thatWA,k˜(M, {Kt})
is a smooth oriented manifold with boundary ∂WA,k˜(M, {Kt}) =MA,k˜(M,K)−
MA,k˜(M,J).
The indecomposability assumption made on A implies that the evaluation
maps
evk˜K :MA,k˜(M,K)→M k˜, evk˜J :MA,k˜(M,J)→M k˜
are pseudocycles and that the evaluation map
evk˜Kt :WA,k˜(M, {Kt})→M k˜
defines a cobordism between the pseudocycles evk˜K and evk˜J . This proves the
claim.
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Now, let Y be a Donaldson hypersurface of degree D sufficiently large such
that (J, Y ) is a Donaldson pair. Let k ∈ Z≥0 and l = Dω(A). For  > 0 small
enough, let K ∈ J regl+1(M,ω, Y, ) ⊂ J regl+1(A) be such that the evaluation map
evkK :MA,k+l(M,K, Y )→Mk
defines a pseudocycle.
If K is close enough to J, we can join K with J by a path of domain-
dependent almost complex structures close enough to J (see e.g. Cieliebak and
Monhke [8][Definition 9.4, Proposition 10.1]). Thus the evaluation maps
evk+lpi∗
l
K :MA,k+l(M,pi∗lK)→Mk+l, evk+lJ :MA,k+l(M,J)→Mk+l
are cobordant pseudocycles. As a consequence, for cycles in general position
X1, · · · , Xk ⊂ M whose fundamental classes are Poincaré dual to cohomology
classes a1, · · · , ak ∈ H∗(M ;Z)
GWcmA,k(a1, · · · , ak) :=
1
l!] ev
k+l
pi∗
l
K t (X1 × · · · ×Xk × Y × · · · × Y )
= 1
l!] ev
k+l
J t (X1 × · · · ×Xk × Y × · · · × Y )
Finally, the divisor axiom implies that
GWJA,k(a1, · · · , ak) := ] evkJ t (X1 × · · · ×Xk)
= 1
l!] ev
k+l
J t (X1 × · · · ×Xk × Y × · · · × Y ),
and we are done. 
For our purposes, the following two results would be enough to bound the
Gromov width of a symplectic manifold.
Lemma 2.6. Let (M,ω) be a compact integral symplectic manifold. If there
exist a spherical class A and cohomology classes a2, · · · , ak such that
GWcmA,k(PD[pt], a2, . . . , ak) 6= 0,
then for any almost complex structure J˜ ∈ J (M,ω) and for any point p ∈ M
there exists a J˜-holomorphic sphere of degree B passing through p with 0 <
ω(B) ≤ ω(A) .
Proof. Assume that there exist a spherical class A ∈ H2(M ;Z) and cohomology
classes a2, · · · , ak Poincaré dual to the fundamental classes of cyclesX2, · · · , Xk
in general position such that
GWcmA,k(PD[pt], a2, . . . , ak) 6= 0
The definition of the Gromov-Witten invariant GWcmA,k implies that for any al-
most complex structure J˜ ∈ J (M,ω) we can construct a domain-dependent
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almost complex structure K sufficiently close to J˜ such that for a generic point
p ∈M there exists a K-holomorphic sphere
u : CP1 →M
of degree A passing through p. The Gromov compactness theorem implies that
for any point p ∈ M there exists a J˜-holomorphic curve of degree B passing
through p with 0 < ω(B) ≤ ω(A). 
Theorem 2.7. Let (M,ω) be a compact symplectic manifold such that the
symplectic form ω represents a rational cohomology class [ω] ∈ H2(M ;Q). Let
A ∈ H2(M ;Z) and J ∈ Jreg(A). Assume that A is a J-indecomposable class.
If there exist cohomology classes a2, · · · , ak ∈ H∗(M ;Z) such that
GWJA,k(PD[pt], a2, . . . , ak) 6= 0,
then for any almost complex structure J˜ ∈ J (M,ω) and for any point p ∈ M
there exists a J˜-holomorphic sphere of degree B passing through p with 0 <
ω(B) ≤ ω(A). Moreover,
Gwidth(M,ω) ≤ ω(A).
Proof. Let c be a positive integer such that [cω] ∈ H2(M ;Z). The first part of
the theorem follows from the previous two lemmas when we apply them to the
integral symplectic manifold (M, cω).
Finally, Theorem 2.1 implies the following upper bound for the Gromov width
of the integral symplectic manifold (M, cω)
Gwidth(M, cω) ≤ cω(A),
and we are done. 
Remark 2.8. For a general compact symplectic manifold (M,ω) more involved
constructions are needed to define its Gromov-Witten invariants. In such con-
structions, usually one associates to the moduli space of J-holomorphic curves
MA,k(M,J) a virtual fundamental class [MA,k(M,J)]virt with rational coef-
ficients. The virtual fundamental class [MA,k(M,J)]virt is usually well defined
and independent of the almost complex structure, and Gromov-Witten invari-
ants on (M,ω) are defined by integrating over this fundamental class (see for
example B. Chen, A.M. Li and B. L. Wang [7], Fukaya and Ono [15], Fukaya,
Ohta, Oh and Ono [11], [12], [13], [14], Hofer, Wysocki and Zehnder [20], [21],
[22], [23], [24], [25], J. Li and G. Tian [32], G. Liu and G. Tian [34], [35], G.
Lu and G. Tian [38], McDuff and Wehrheim [39], [40], [41], Pardon [46], Ruan
[47], Siebert [50]).
It is expected that many of the applications of Gromov-Witten invariants in
symplectic topology that work for the semipositive case can be extended to
the general case when virtual fundamental classes are used to define them. For
instance, G. Lu has shown with G. Liu and G. Tian’s definition of Gromov-Witten
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invariants that the Gromov width of a general compact symplectic manifold is
bounded from above by the symplectic area of a spherical class that has a non-
vanishing Gromov-Witten invariant with one of its constrains being Poincaré
dual to the class of a point [36][Section 1.5].
3. Coadjoint Orbits of Compact Lie groups
In this section we recall some general facts about homogeneous spaces GC/P,
coadjoint orbits and its geometry. Most of the material shown here can be found
in the classical literature such as Bernstein, Gelfand and Gelfand [1] and Kirillov
[28]. The material presented in Section 3.5 about Chern classes and stable
curves is adapted from Fulton and Woodward [17, Chapters 2, 3].
3.1. Kostant-Kirillov-Souriau form. LetG be a connected compact Lie group,
g be its Lie algebra, and g∗ be the dual of the Lie algebra g. The compact Lie
group G acts on its Lie algebra g∗ by the coadjoint action. Let λ ∈ g∗ and Oλ
be the coadjoint orbit through λ. As a homogeneous space Oλ ∼= G/Gλ, where
Gλ ⊂ G denotes the stabilizer of λ ∈ g∗ under the coadjoint action.
The coadjoint orbit Oλ carries a symplectic form defined as follows: for λ ∈ g∗
we define a skew bilinear form on g by
ωλ : g⊗ g→ R
(X,Y ) 7→ 〈λ, [X,Y ]〉.
The kernel of ωλ is the Lie algebra gλ of the stabilizer Gλ of λ ∈ g∗. In particular,
ωλ defines a nondegenerate skew-symmetric bilinear form on g/gλ, a vector
space that can be identified with Tλ(Oλ) ⊂ g∗. Using the coadjoint action, the
bilinear form ωλ induces a closed, invariant, nondegenerate 2-form on the orbit
Oλ, therefore defining a symplectic structure on Oλ. This symplectic form is
known as the Kostant-Kirillov-Souriau form of the coadjoint orbit Oλ.
The compact Lie group G admits a complexification GC. There exists a
parabolic subgroup P ⊂ GC (see definition below) such that the homogeneous
spaces G/Gλ and GC/P are diffeomorphic. We can use the complex struc-
ture defined on the quotient of complex Lie groups GC/P to define a complex
structure J on the coadjoint orbit G/Gλ ∼= Oλ which is invariant under the
GC-action. Together with the Kostant-Kirillov-Souriau form, this makes the
coadjoint orbit Oλ a Kähler manifold.
3.2. Parabolic subgroups. Let T ⊂ G be a maximal torus and t denote its Lie
algebra. Let R ⊂ t∗ be the root system of T in G so
gC = tC ⊕
⊕
α∈R
gα,
where
gα := {x ∈ gC : [h , x ] = α(h)x for all h ∈ tC}
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is the root space associated with the root α ∈ R.
Let R+ ⊂ R be a choice of positive roots with simple roots S ⊂ R+. Let
W := NG(T )/T be the Weyl group of G. For every root α ∈ R, let sα ∈ W
be the reflection associated to it.
Let B ⊂ GC be the Borel subgroup with Lie algebra
b = tC ⊕
⊕
α∈R+
gα
We call a subgroup P ⊂ GC parabolic if B ⊂ P. Let us fix a parabolic subgroup
P ⊃ B. Let WP := NP (T )/T be the Weyl group of P and SP := {α ∈ S :
sα ∈ WP } ⊂ S be the set of simple roots whose corresponding reflections are
in WP . The group WP is the subgroup of W generated by the set of simple
reflections {sα : α ∈ SP }. The parabolic subgroup P is generated by the Borel
subgroup B and NP (T ). Set RP = R ∩ ZSP and R+P = R+ ∩ ZSP , where
ZSP = spanZ(SP ) is the Abelian group spanned by SP in t∗. The Lie algebra
of P is
p = b⊕
⊕
α∈R+P
g−α
Remark 3.1. The map P˜ 7→ SP˜ establishes a bijection between the set of all
parabolic subgroups of GC containing B and the set of all subsets of simple
roots contained in S (see for instance Kumar [30, Chapter 5]).
3.3. Schubert varieties in GC/P . For each w ∈ W, the length l(w) of w is
defined as the minimum number of simple reflections sα ∈ W,α ∈ S, whose
product is w.
For w′, w ∈ W, write w′ → w if there exists simple reflections s ∈ S such
that w = w′ ·s and l(w) = l(w′)+1. Then define w′ ≤B w if there is a sequence
w′ → w1 → . . .→ wm = w.
The Bruhat order on W is the partial ordering defined by the relation ≤B .
Let WP ⊂W be the set of all minimum length representatives for cosets
in W/WP . Each element w ∈W can be written uniquely as w = wPwP where
wP ∈WP and wP ∈WP . Their lengths satisfy l(w) = l(wP ) + l(wP ) (see e.g.
Humphreys [26][Chapter 1]). The Bruhat order ≤B on WP is the restriction
to WP of the Bruhat order on W. The Bruhat order ≤B on W/WP is defined
by w′WP ≤B wWP if and only if w′P ≤B wP on WP .
Let w0 be the longest element in W and let Bop := w0Bw0 ⊂ GC be the
Borel subgroup opposite to B. For w ∈WP we define the Schubert cell
CP (w) := BwP/P ⊂ GC/P
and the opposite Schubert cell
CopP (w) := B
opwP/P ⊂ GC/P
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The Schubert variety XP (w) and its opposite XopP (w) are by definition the
closures of the Schubert cells CP (w) and CopP (w), respectively.
The Bruhat order can be written in terms of the inclusion relation of Schubert
varieties, i.e., for w′, w ∈WP ,
XP (w′) ⊂ XP (w)
if and only if w′ ≤B w. Indeed,
XP (w) =
⊔
w′≤Bw
CP (w′)
For w ∈ WP , the Schubert cell CP (w) is isomorphic to an affine space of
complex dimension equal to l(w). The set of Schubert cells {XP (w)}w∈WP
defines a CW-complex for GC/P with cells occurring only in even dimension.
Thus, the set of fundamental classes {σP (w) := [XP (w)]}w∈WP is a free ba-
sis of H∗(GC/P ;Z) as a Z-module. Likewise, the set of cohomology classes
{PD(σP (w))}w∈WP is a free basis of H∗(GC/P ;Z) as a Z-module. Similar
statements hold for the fundamental classes of the opposite Schubert varie-
ties σˇP (w) := [XopP (w)] ∈ H∗(GC/P ;Z). Note that σˇP (w) = σP (wˇ) where
wˇ := w0wwp ∈WP and wp denotes the longest element in WP .
The Poincaré intersection pairing is the map
〈 , 〉 : H∗(GC/P ;Z)⊗H∗(GC/P ;Z)→ Z
that associates to a pair of homology classes a, b ∈ H∗(GC/P ;Z) the coefficient
at the class of a point [pt] of the homological intersection product a · b ∈
H∗(GC/P ;Z). The duality Theorem states that for any w′, w ∈WP ,
〈σˇP (w), σP (w′)〉 = δww′ ,
and in particular
dimC(GC/P ) = dimC(XP (w)) + dimC(XopP (w))
3.4. T -invariant curves. The collection of cosets {w · P}w∈WP is the set of
all T -fixed points in GC/P. For each positive root α ∈ R+ − R+P there is a
unique irreducible T -invariant curve Cα that contains 1 · P and sα · P. Indeed,
Cα := Sl(2,C)α · P/P where Sl(2,C)α ⊂ GC is the subgroup of GC with
Lie algebra gα ⊕ g−α ⊕ [gα, g−α]. The curve Cα is unique because there is a
neighborhood of 1 · P/P that is T -equivariantly isomorphic to gC/p. The T -
invariant curves in gC/p correspond to weight spaces g−α for α ∈ R+ −R+P .
3.5. Chern classes. Let (· , ·) denote an ad-invariant inner product defined on
Lie(G) = g. We identify the Lie algebra g and its dual g∗ via this inner product.
The inner product (· , ·) defines an inner product in t∗ = RR. Each root α ∈ R
has a coroot αˇ ∈ t that is identified with 2α(α, α) via the inner product (· , ·).
The coroots form the dual root system Rˇ = {αˇ : α ∈ R}, with basis of simple
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coroots Sˇ = {αˇ : α ∈ S}. For the parabolic subgroup P ⊂ GC, let SˇP := {αˇ :
α ∈ SP } ⊂ Sˇ.
The fundamental weight ωα ∈ t∗ associated with α ∈ S is defined by
(ωα, βˇ) = δα,β for β ∈ S. A weight is an element in the Abelian group spanned
by the set of fundamental weights.
The cohomology group H2(GC/P ;Z) can be identified with the span
Z{ωα : α ∈ S − SP }
and the homology group H2(GC/P ;Z) with the quotient
ZSˇ/ZSˇP
For each α ∈ S−SP we identify the Schubert class σP (sα) ∈ H2(GC/P ;Z) with
αˇ+ZSˇP ∈ ZSˇ/ZSˇP and the Poincaré dual class PD(σˇP (sβ)) ∈ H2(GC/P ;Z)
with ωβ. The pairing
H2(GC/P ;Z)⊗H2(GC/P ;Z)→ Z
(σ, α) 7→
∫
σ
α
is then given by the ad-invariant inner product (· , ·) on t.
The following localization lemma, due to Bott [3], allows us to compute the
first Chern classes of line bundles on T -invariant curves of GC/P :
Lemma 3.2. Suppose that a torus T acts on a curve C ∼= CP1, with fixed
points p 6= q, and suppose L is a T -equivariant line bundle on C. Let ηp and ηq
be the weights of T acting on the fibers Lp and Lq, and let ψp be the weight
of T acting on the tangent space to C at p. Then
ηp − ηq = nψp
where n =
∫
C c1(L) is the degree of L.
If η is a weight that vanishes on all β in SP , it determines a character on
P, and so a line bundle L(η) := GC ×P C(η) over GC/P. The Chern class
c1(L(η)) ∈ H2(GC/P ;Z) is identified with the weight η ∈ Z{wα : α ∈ S−SP }.
Indeed, if L is any holomorphic line bundle over GC/P, there exists a unique
weight η ∈ Z{wα : α ∈ S − SP } such that L ∼= L(η), and Pic(GC/P ) ∼=
Z{wα : α ∈ S − SP } ∼= H2(GC/P ;Z) (see e.g. Borel-Weil [48]).
Proposition 3.3. For any root α ∈ R+ −R+P ,
[Cα] = αˇ+ ZSˇP ∈ H2(GC/P ;Z) ∼= ZSˇ/ZSˇP
Proof. The localization lemma implies that for any weight η ∈ Z{wα : α ∈
S − SP } ∫
Cα
c1(L(η)) · (−η) = −η − (−sα(η)) = sα(η)− η
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and thus
(η , αˇ) =
∫
Cα
c1(L(η))
The nondegeneracy of the pair ( , ) implies the proposition.

Proposition 3.4. The Chern class c1(T (GC/P )) is identified with
∑
γ∈R+−R+P γ
via the isomorphism
Z{wα : α ∈ S − SP } → H2(GC/P ;Z)
η 7→ c1(L(η))
Proof. The tangent space of GC/P at the point 1 · P ∈ GC/P is
gC/p =
⊕
α∈R+−R+P
g−α
The weight of the line bundle ∧n T (GC/P ), n = dimC(GC/P ), at the point
1 · P ∈ GC/P is −∑γ∈R+−R+P γ. The proposition follows from the fact that
c1(T (GC/P )) = c1
(∧n T (GC/P )). 
3.6. Plücker embedding. Let
η =
∑
β∈S−SP
lβwβ ∈ Z≥0{wα : β ∈ S − SP },
be an integral weight and Vη be the irreducible representation of GC with
highest weight η. The Borel-Weil-Bott Theorem states that the set of holo-
morphic sections H0(GC/P, L(η)) of the line bundle L(η) is isomorphic as a
GC-representation to the irreducible representation Vη.
Let vη be a highest weight vector of Vη. We can embedGC/P in the projective
space PVη by the transformation
GC/P ↪→ PVη
[g] 7→ [g · vη]
Remark 3.5. For λ ∈ R≥0{wα : β ∈ S−SP } ⊂ t∗, let Oλ be the coadjoint orbit
passing through λ and ωλ its Kostant-Kirillov-Souriau form. The cohomology
class of ωλ is identified with λ ∈ H2(GC/P ; R) ∼= R{wα : β ∈ S − SP } ⊂ t∗,
and for any positive root α ∈ R+ −R+P
ωλ(Cα) =
∫
Cα
ωλ = 〈λ , αˇ〉
If λ is integral, the projective embedding GC/P ↪→ PVλ is symplectic, i.e., the
pullback of the Fubini-Study form defined on PVλ is the Kostant-Kirillov-Souriau
form ωλ defined on Oλ ∼= GC/P.
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3.7. Algebraic Gromov-Witten invariants. Let J be the invariant complex
structure defined on the quotient of complex Lie groupsGC/P. LetA ∈ H2(GC/P ;Z)
and k ∈ Z≥0. The moduli spaceMA,k(GC/P, J) of stable J-holomorphic curves
of degree A with k-marked points is a normal projective variety of dimension
equal to
dimMA,k(GC/P, J) = dim(GC/P ) + 2c1(A) + 2k − 6
(see e.g. Fulton and Pandharipande [16]).
Let
evkJ = (ev1, · · · , evk) :MA,k(GC/P, J)→ (GC/P )k
be the evaluation map. The algebraic Gromov-Witten invariant GW algA,k on
GC/P is defined by
GW algA,k(a1, · · · , ak) :=
∫
MA,k(GC/P,J)
ev∗1 a1 ∪ · · · ∪ ev∗k ak
for cohomology classes a1, · · · , ak ∈ H∗(GC/P ;Z). If X1, . . . , Xk ⊂ GC/P are
irreducible varieties whose fundamental classes are Poincaré dual to a1, . . . , ak ∈
H∗(GC/P ;Z) and
dimMA,k(GC/P, J) =
k∑
i=1
deg ai,
the number of J-holomorphic spheres of degreeA passing through g1X1, · · · , gkXk
coincides with the Gromov–Witten invariant GW algA,k(a1, . . . , ak) for generic g1, . . . ,
gk ∈ GC (see e.g. Fulton and Pandharipande [16, Lemma 14]).
Remark 3.6. Let Oλ be a coadjoint orbit passing through λ ∈ g∗ with Kostant-
Kirillov-Souriau form ωλ. Assume that P ⊂ GC is a parabolic subgroup such
that Oλ ∼= GC/P. Let A ∈ H2(GC/P ;Z) and k ∈ Z≥0.
If J ∈ J (Oλ, ωλ) is a regular almost complex structure and the class A
is J-indecomposable class, we denote by GWJA,k the Gromov-Witten invariant
defined exclusively for J and A (see Remark 2.2). If (Oλ, ωλ) is an integral
coadjoint orbit, we denote by GWcmA,k the symplectic Gromov-Witten invariant
defined by Cielibak and Mohnke (see Section 2.5).
When the coadjoint orbit (Oλ, ωλ) is integral, J is the almost complex struc-
ture coming from the quotient of complex Lie groups GC/P and A is a J-
indecomposable class, all the three Gromov-Witten invariants
GWalgA,k, GW
J
A,k, GWcmA,k
coincide.
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4. Curve Neighborhoods and Gromov Witten invariants
In this section we define the concept of curve neighborhood and explain its
relation with Gromov-Witten invariants. The material presented here is mostly
adapted from Buch and Mihalcea [5].
Let G be a compact connected Lie group. Let B be a Borel subgroup and
P be a parabolic subgroup of GC with B ⊂ P. Let J be the complex structure
defined on GC/P coming from its presentation as a quotient of complex Lie
groups. Let A ∈ H2(GC/P ;Z) be a spherical class. LetMA,2(GC/P, J) be the
moduli space of equivalence classes of stable J-holomorphic curves of degree A
with two marked points and
ev2J = (ev1, ev2) :MA,2(GC/P, J)→ (GC/P )2
be its corresponding evaluation map. Given any subvariety Z ⊂ GC/P, define
the degree A neighborhood of Z to be
ΓA(Z) := ev2(ev−11 (Z)) ⊂ GC/P,
i.e., the union of all stable J-holomorphic curves of degree A that meet Z. The
Gromov-Witten variety of Z is
GWA(Z) := ev−11 (Z) ⊂MA,2(GC/P, J)
By definition,
ΓA(Z) = ev2(GWA(Z))
When Z ⊂ GC/P is a irreducible variety, then ΓA(Z) is also a irreducible
variety. In particular, if Z is a B-stable irreducible variety, i.e. a B-stable
Schubert variety, then so is ΓA(Z) (Buch, Chaput, Mihalcea and Perrin [4]).
For our purposes, the following lemma would be enough to compute Gromov-
Witten invariants:
Lemma 4.1. Let A ∈ H2(GC/P ; Z) be a J-indecomposable class and ΓA(pt)
be the degree A neighborhood of a point in GC/P. If
c1(A) = 1 + dimC ΓA(pt),
then
GW algA,2(PD[pt],PD[ΓA(pt)]
op) > 0
Proof. The Bertini-Kleiman transversality theorem implies that for generic g, h ∈
GC the evaluation map
evJ :MA,2(GC/P, J)→ (GC/P )2
is transverse to {g · P} × h · ΓA(1 · P )op ⊂ (GC/P )2.
On the other hand, the duality theorem implies that for generic g, h ∈ GC,
the Schubert varieties g ·ΓA(1 ·P ) and h ·ΓA(1 ·P )op intersect transversally at
one point say q · P. In particular, there exists a stable curve (u; Σ; z1, z2) with
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two marked points such that u(z1) = g · P and u(z2) = q · P ∈ h · ΓA(1 · P )op.
The indecomposability condition of A implies that Σ ∼= CP1.
If the opposite Schubert variety ΓA(pt)op satisfies the dimensional constraint
dimC ΓA(pt)op + dimCMA,2(GC/P ) = 2 dimCGC/P ,
that is the same as having c1(A) = 1 + dimC ΓA(pt), the Gromov-Witten
invariant GW algA,2(PD[pt],PD[ΓA(pt)]op) is finite and positive (see e.g. McDuff
and Salamon [43][Proposition 7.4.5]). 
Remark 4.2. For any two B-stable Schubert varieties Z1, Z2 and any degree
A ∈ H2(GC/P ;Z) the following formula due to Buch and Mihalcea [5]
GW algA,2(PD[Z1],PD[Z2]) =

1 if c1(A)− 1 + dimC Z1 = dimC ΓA(Z1)
and [ΓA(Z1)] is the Schubert class
opposite to [Z2]
0 otherwise
extends the previous lemma. The above formula is a consequence of the pro-
jection formula and the fact that the pushforward of PD[GWA(Z1)] under the
evaluation map ev2 is equal to PD[ΓA(Z1)] if dimC GWA(Z1) = dimC ΓA(Z1)
and zero otherwise (Buch and Mihalcea [5]). We briefly explain how the above
formula is deduced from these two facts:
GW algA,2(PD[Z1],PD[Z2]) :=
∫
MA,2(GC/P,J)
ev∗1 PD[Z1] ∪ ev∗2 PD[Z2]
=
∫
GC/P
ev2∗(ev∗1 PD[Z1]) ∪ PD[Z2] =
∫
GC/P
ev2∗(PD[GWA(Z1)]) ∪ PD[Z2]
=
{∫
GC/P
PD[ΓA(Z1)] ∪ PD[Z2] if dimC GWA(Z1) = dimC ΓA(Z1)
0 otherwise
Example 4.3. Let G(k, n) denote the Grassmannian manifold of k-dimensional
vector spaces in Cn. Let A be the Schubert class that cyclic generates the ho-
mology group H2(G(k, n);Z). Let J be the invariant complex structure defined
on G(k, n).
For a J-holomorphic curve u : CP1 → G(k, n) of degree A, there exist linearly
independent vectors v0, v1, . . . , vk ∈ Cn such that
u : CP1 → G(k, n)
[z0, z1] 7→ span{z0v0 + z1v1, v2, . . . , vk}
If we let W k−1 = span{v2, . . . , vk} and W k+1 = span{v0, v1, v2, . . . , vk}, then
u(CP1) = {V k ∈ G(k, n) : W k−1 ⊂ V k ⊂W k+1}
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Note that two vector subspaces V k, V ′k ∈ G(k, n) can be joined by a J-
holomorphic curve of degree A if and only if
dim(V k ∩ V ′k) ≥ k − 1 and dim(V k + V ′k) ≤ k + 1.
Thus, for a fixed vector subspace V k ∈ G(k, n), the degree A neighborhood of
V k is the set
ΓA(V k) = {V ′k ∈ G(k, n) : k−1 ≤ dim(V k ∩V ′k) ≤ dim(V k +V ′k) ≤ k+ 1}
The complex dimension of ΓA(V k) equals to n−1 = c1(A)−1. By the previous
Lemma
GW algA,2(PD[pt],PD[ΓA(pt)]
op) = 1
The following Lemma allows us to give an explicit description of the degree
A neighborhood ΓA(1 · P ) of the point 1 · P ∈ GC/P when P is a maximal
parabolic subgroup of GC and A is the Schubert class that cyclic generates
H2(GC/P ;Z).
Lemma 4.4. Let α ∈ S and P ⊂ GC be the maximal parabolic subgroup such
that SP = S−{α}. Let A = σP (sα) be the Schubert class that cyclic generates
H2(GC/P ;Z). Let
ZPA := {sβ · P ∈W/WP : β ∈ R+ −R+P , βˇ = αˇ+ ZSˇP }
The set ZPA has a unique maximal element zPA with respect to the Bruhat order
defined on W/WP and
ΓA(1 · P ) = XP (zPA)
Proof. The curve neighborhood ΓA(1 · P ) is a B-stable Schubert variety and
thus determined by the T -fixed points that it contains. Note that if there exists
a J-holomorphic curve of degree A passing through two T -fixed points, the
curve is T -invariant. Hence, the set of T -fixed points in ΓA(1 · P ) is the set of
all T -fixed points that can be joined with 1 ·P by a T -invariant curve of degree
A. This corresponds to the set
ZPA = {sβ · P ∈W/WP : β ∈ R+ −R+P , βˇ = αˇ+ ZSˇP }
(see Section 3.5). The set ZPA has a unique maximal element zPA with respect
to the Bruhat order because ΓA(1 · P ) is a Schubert variety and thus
ΓA(1 · P ) = XP (zPA) 
5. Upper Bound for the Gromov width of Grassmannian
Manifolds
Let G be a compact connected simple Lie group with Lie algebra g. Let T ⊂ G
be a maximal torus and let B ⊂ GC be a Borel subgroup with TC ⊂ B ⊂ P.
Let W = N(T )/T be the associated Weyl group. Let R be the set of roots and
S be the choice of simple roots compatible with B. For a parabolic subgroup
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P ⊂ GC that contains B, let WP be the Weyl group of P and SP be the subset
of simple roots whose corresponding reflections are in WP .
The maximal parabolic subgroup of GC associated with a simple root
α ∈ S is the parabolic subgroup Pα such that SPα = S−{α}.We call the corres-
ponding homogeneous space GC/Pα a Grassmannian manifold. The second
homology group H2(GC/Pα; Z) is generated as a Z-module by the fundamental
class [XPα(sα)]. We denote the class [XPα(sα)] by A.
Let λ ∈ t∗ ⊂ g∗. Let us assume that the coadjoint orbit Oλ passing through
λ is isomorphic with the Grassmannian manifold GC/Pα for some α ∈ S. In this
section we will show that
Gwidth(Oλ, ωλ) ≤ |〈λ , αˇ〉|,
where ωλ denotes the Kostant-Kirillov-Souriau form defined on Oλ. We obtain
this upper bound by computing a non-vanishing Gromov-Witten invariant with
one of its constraints being Poincaré dual to a point. More precisely, we show
that if ΓA(pt) is the degree A neighborhood of a point in GC/Pα, then
GW algA,2(PD[pt],PD[ΓA(pt)]
op) > 0
First, we give an explicit description of the degree A neighborhood ΓA(1 · Pα)
of the point 1 · Pα when Pα ⊂ GC is a maximal parabolic subgroup associated
with a long simple root α ∈ S.
Theorem 5.1. Let α ∈ S be a simple root, P ⊂ GC be the maximal parabolic
subgroup associated with α and A be the Schubert class that cyclic generates
H2(GC/P ;Z). Let N(α) ⊂ S denotes the neighbors of α in the Dynkin diagram
of G. Let R ⊂ GC be the parabolic subgroup with SR = S − (N(α) ∪ {α}). If
α is a long simple root, then the degree A neighborhood ΓA(1 ·P ) of the point
1 · P ∈ GC/P is a B-stable Schubert variety and
ΓA(1 · P ) = XP (wrpsα),
where wrp is the longest element in the set of minimum length representatives
of cosets in WP /WR.
Proof. Let J be the invariant complex structure defined on GC/P. For any non-
negative integer k, we denote byMA,k(GC/P, J) the moduli space of equivalent
classes of stable J-holomorphic curves of degree A with k-marked points.
Let f :MA,1(GC/P, J)→MA,0(GC/P, J) be the forgetful map that maps a
class [u; (CP1; z)] to [u] and ev1J :MA,1(GC/P, J)→ GC/P be the evaluation
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map that maps a class [u; (CP1; z)] to u(z). We have a diagram of arrows
MA,1(GC/P, J) MA,0(GC/P, J)
GC/P
-f
?
ev1J
Note that the curve neighborhood ΓA(1 · P ) of the point 1 · P ∈ GC/P is the
same as
ΓA(1 · P ) = ev1J∗(f∗(f∗(ev1∗J (1 · P ))))
Let Q ⊂ GC be the parabolic subgroup with SQ = S − N(α). The complex
group GC acts holomorphically on GC/P and trivially on H∗(GC/P ;Z), as a
consequence there is a group action of GC on MA,k(GC/P, J). This action is
transitive when k = 0, 1 and α is a long simple root. Under this action, the
moduli spacesMA,0(GC/P, J),MA,1(GC/P, J) are isomorphic to the homoge-
neous spaces GC/Q, GC/R, respectively. Via these isomorphisms, the diagram
of arrows shown above is compatible with the following diagram
GC/R GC/Q
GC/P
-piq
?
pip
where pip and piq denote the projection quotient maps (see e.g. Manivel and
Landsberg [31], Strickland [51]). Thus,
ΓA(1 · P ) = pip∗(pi∗q (piq∗(pi∗p(1 · P ))))
From Lemma 7.5 in the appendix, we have that
ΓA(1 · P ) = pip∗(pi∗q (XQ(wrp))) = XP (wrpsα),
and we are done. 
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Now we show that when P ⊂ GC is a maximal parabolic subgroup and A
is the class that cyclic generates H2(GC/P ;Z), the Gromov-Witten invariant
GW algA,2
(
PD[1 · P ],PD[ΓA(1 · P )op]
)
is different from zero.
Theorem 5.2. Let P ⊂ GC be a maximal parabolic subgroup, A be the Schu-
bert class that cyclic generates H2(GC/P ; Z) and ΓA(1 · P ) be the degree A
neighborhood of 1 · P. Then
GW algA,2
(
PD[1 · P ],PD[ΓA(1 · P )op]
)
= 1
Proof. According to Lemma 4.1, it is enough to check that the curve neighbor-
hood ΓA(1 · P ) satisfies the dimensional constrain
c1(A) = 1 + dimC(ΓA(1 · P ))
We split the proof in several cases:
• Long root case: Assume that P ⊂ GC is a maximal parabolic subgroup
associated with a long simple root α ∈ S. Let R ⊂ GC be the parabolic
subgroup with SR = S − (N(α) ∪ {α}), where N(α) ⊂ S denotes the
neighbors of α in the Dynkin diagram of G. By the previous Theorem and
Lemma 7.5 in the appendix,
dimC ΓA(1 · P ) = l(wrpsα),
where wrp is the longest element in the set of minimum length representatives
of cosets in WP /WR. We have that
l(wrpsα) = l(wrp) + 1 = dimC(GC/R)− dimC(GC/P ) + 1
= dimCMA,1(GC/P )− dimC(GC/P ) + 1
So in conclusion,
dimC ΓA(1 · P )op = 2 dimCGC/P − dimCMA,1(GC/P )− 1
= 2 dimCGC/P − dimCMA,2(GC/P ),
and we are done
• Type B and D Grassmannians: For a positive integer m, we will write m as
2n if m is even, and as 2n+ 1 if m is odd (here n is a non-negative integer
number). Let SO(m,C) be the group of complex special orthogonal matrices
which preserves the standard nondegenerate symmetric bilinear form defined
on Cm. Let {e1, · · · , en} be the standard basis of Rn.
The standard root system for the group SO(2n+1,C) is identified with the
set of vectors R = {±ei, ±(ej ± ek) : j 6= k}1≤i,j≤n ⊂ Rn with a choice of
simple roots given by S = {α1 = e1 − e2, · · · , αn−1 = en−1 − en, αn = en},
and Dynkin diagram
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The standard root system for the group SO(2n,C) is identified with the set
of vectors R = {±(ej ± ek) : j 6= k}1≤i,j≤n with simple roots given by
S = {α1 = e1 − e2, · · · , αn−1 = en−1 − en, αn = en−1 + en} and with
Dynkin diagram
Let k ≤ m/2 be a positive integer. We denote by OG(k,m) the Orthog-
onal Grassmannian manifold of k-dimensional isotropic subspaces in Cm
with respect to the standard nondegenerate symmetric bilinear form defined
on Cm.
When k 6= m/2, the group SO(m,C) acts transitively on OG(k,m)
and the orthogonal Grassmannannian OG(k,m) is isomorphic to the quo-
tient SO(m,C)/Pαk . The two orthogonal Grassmannians OG(k, 2n) and
OG(k, 2n+ 1) are isomorphic.
When k = m/2 = n, the orthogonal Grassmannian OG(n, 2n) is the
union of two SO(2n,C)-orbits. These two SO(2n,C)-orbits are isomorphic
to SO(2n,C)/Pαn−1 and SO(2n,C)/Pαn . The two SO(2n,C)-orbits of the
orthogonal Grassmannnian OG(n, 2n) are isomorphic to the orthogonal Grass-
mannian OG(n, 2n+ 1).
In summary, Grassmannian manifolds of type B can be identified with
Grassmannian manifolds of type D. The statement in this case follows from
the long root case.
• Short root case (type G): Let G = G2 and T ⊂ G be the maximal torus
whose Lie algebra t is identified with R2 and such that the set
S =
{
α1 =
(
−32 ,
√
3
2
)
, α2 = (1, 0)
}
⊂ t∗ ∼= R2
defines a set of simple root systems for G with Dynkin diagram
Let us assume that P ⊂ GC is the maximal parabolic subgroup associated
with the short simple root α2 ∈ S. The homogeneous space GC/P can be
considered as a homogenous space of SO(7,C) : Note first that the complex
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dimension of GC/P is equal to 5. Let w1 ∈ t∗ be the fundamental weight as-
sociated with α1. Let L(w1) = GC×P C(w1) be the line bundle defined over
GC/P associated with the fundamental weight w1. The irreducible represen-
tation H0(GC/P, L(w1)) has dimension 7 (this computation can be made by
using for instance the Weyl dimensional formula). Thus, GC/P is embedded
in the 6 dimensional projective space P(H0(GC/P, L(w1))) ∼= CP6. Under
this embedding, GC/P is a G2-homogenous hypersurface and thus a nonde-
generate quadric. A quadric in CP6 is a complete homogeneous space for the
special orthogonal group SO(7,C). The result in this case follows from the
long root case for type D Grassmannians.
• Type C Grassmannians: Let (C2n,Ω) be the standard complex symplectic vec-
tor space with complex coordinates (z1, · · · , zn, w1, · · · , wn) and with com-
plex bilinear skew-symmetric form
Ω =
∑
dzi ∧ dwi
Let Sp(n,C) be the complex Lie group of linear transformation on C2n that
preserves Ω. Let {e1, · · · , en} denotes the standard basis of Rn.
The standard root system of Sp(n,C) is identified with the set R = {±ei±
ej (i 6= j), ±2ei}1≤i,j≤n ⊂ Rn, with a choice of simple roots given by
S = {α1 = e1 − e2, α2 = e2 − e3, · · · , αn−1 = en−1 − en, αn = 2en} and
Dynkin diagram
For an integer 0 < k ≤ n, let IG(k, 2n) denote the space of k-dimensional
isotropic subspaces of C2n, i.e,
IG(k, 2n) := {V k ∈ G(k, 2n) : Ω|V k = 0}.
When k = n, the isotropic Grassmannian IG(n, 2n) is the space of Lagrangian
subspaces of C2n. The isotropic Grassmannian manifold IG(k, 2n) has dimen-
sion equal to
2k(n− k) + k(k + 1)2
and is isomorphic to the quotient of complex Lie groups Sp(2n,C)/Pαk , where
Pαk ⊂ Sp(n,C) denotes the maximal parabolic subgroup associated with the
simple root αk ∈ S.
Given a J-holomorphic curve u : CP1 → IG(k, 2n) of degree A :=
σPαk (sαk), there exist linearly independent vectors v0, v1, v2, · · · , vk ∈ C2n
such that
u : CP1 → IG(k, 2n)
[z0, z1] 7→ span{z0v0 + z0v1, v2, · · · , vk}
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In particular, for every [z0, z1] ∈ CP1, the vector subspace span{z0v0 +
z0v1, v2, · · · , vk} ⊂ C2n is isotropic. We can associate a pair (V k−1, V k+1)
of vector subspaces to the curve u such that
V k−1 ⊂ V k+1 ⊂ (V k−1)Ω ⊂ C2n
Here, V k−1 = span{v2, · · · , vk} and V k+1 = span{v0, v1, v2, · · · , vk}. The
pair of vector subspaces (V k−1, V k+1) determine uniquely, up to reparametriza-
tion, the curve u. This means that if v : CP1 → IG(k, 2n) is another J-
holomorphic of degree A such that for any W k ∈ v(CP1) ⊂ IG(k, 2n)
V k−1 ⊂W k ⊂ V k+1,
then there exists ϕ ∈ PSL(2,C) such that v ◦ ϕ = u. This implies that the
moduli spaceMA,0(IG(k, 2n), J) of unparameterized J-holomorphic curves
of degree A in IG(k, 2n) can be identified with the set of pairs of subspaces
{(V k−1, V k+1) : V k−1 ⊂ V k+1 ⊂ (V k−1)Ω ⊂ C2n}
Note that a pair of isotropic subspaces V k1 , V k2 ∈ IG(k, 2n) are joined by a
J-holomorphic curve of degree A if
dimC(V k1 ∩ V k2 ) = k − 1 and dimC(V k1 + V k2 ) = k + 1
In particular, the degree A neighborhood of the isotropic subspace Ck ⊂ C2n
is given by
ΓA(Ck) = {V k ∈ IG(k, 2n) : k−1 ≤ dim(Ck∩V k) ≤ dim(Ck+V k) ≤ k+1}
We can compute the dimension of ΓA(Ck) if we consider the fibration
ΓA(Ck)− {Ck} → {V k−1 : V k−1 ⊂ Ck} ∼= G(k − 1, k)
V k 7→ Ck ∩ V k
The fiber of this fibration over any (k − 1)-dimensional vector subspace
V k−1 ⊂ Ck is the set
{V k ⊂ C2n : V k−1 ⊂ V k ⊂ (V k−1)Ω} − {Ck}
of complex dimension 2n− 2k + 1. Thus,
dimC ΓA(Ck) = 2n− k
Likewise, the dimension ofMA,0(IG(k, 2n)) can be computed by considering
the fibration
MA,0(IG(k, 2n))→ IG(k − 1, 2n)
(V k−1, V k+1) 7→ V k−1
This fibration has fiber isomorphic to G(2, 2n− 2k + 2), so that
dimCMA,0(IG(k, 2n)) = dimC IG(k − 1, 2n) + dimCG(2, 2n− 2k + 2)
= dimC IG(k, 2n)− 2 + 2n− k,
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and we are done.
• Short root case (Type F): Let G be a compact Lie group of type F4 and
T ⊂ G be the maximal torus whose Lie algebra is identified with R4 and such
that the set S ⊂ t∗ ∼= R4 defined by{
α1 = (0, 1,−1, 0), α2 = (0, 0, 1,−1), α3 = (0, 0, 0, 1), α4 =
(1
2 ,−
1
2 ,−
1
2 ,−
1
2
)}
,
corresponds to the standard set of simple roots of G with Dynkin diagram
Let P ⊂ GC be the maximal parabolic associated to a simple root α ∈ S and
ZPA := {sβ · P ∈W/WP : β ∈ R+ −R+P , βˇ = αˇ+ ZSˇP }
be the set of T -fixed points in ΓA(1 · P ). According to Lemma 4.4, the set
ZPA contains a unique maximal element zPA with respect to the Bruhat order
and
ΓA(1 · P ) = XP (zPA)
Now we check that for the parabolic subgroup P associated with either the
short simple root α3 or α4 we have that
c1(A) = dimC(ΓA(1 · P )) + 1 = l(zPA) + 1
(1) Let P be the maximal parabolic subgroup associated with α = α4. The
following figure shows the minimum length representatives of cosets in
ZPA ordered with respect to the Bruhat order:
The maximal element of ZPA is the coset zPA := s2α1+3α2+4α3+2α4 · P.
The minimum length representative of zPA in WP is
sα1sα2sα3sα4sα2sα3sα1sα2sα3sα4
with length equal to 10. Thus dimC ΓA(1 · P ) = 10. Using Proposition
3.4 we get
c1(A) = 〈c1(T (GC/P )), αˇ4〉 = 〈11(α1 + 2α2 + 3α3 + 2α4), αˇ4〉
= 11(1 · 0 + 2 · 0 + 3 · (−1) + 2 · 2) = 11
= dimC ΓA(1 · P ) + 1
(2) Let P Be the maximal parabolic subgroup associated with α = α3.
The Hasse diagram of minimum length representatives of cosets in ZPA
ordered with respect to the Bruhat order is shown below
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The maximal element of ZPA is zPA := sα1+2α2+2α3+2α4 ·P. The minimum
length representative of zPA in WP is
sα4sα2sα3sα1sα2sα3
with length equal to 6. Thus dimC ΓA(1 ·P ) = 6. Using Proposition 3.4
we get
c1(A) = 〈c1(T (GC/P )), αˇ3〉 = 〈7(2α1 + 4α2 + 6α3 + 3α4), αˇ3〉
= 7(2 · 0 + 4 · (−2) + 6 · 2 + 3 · (−1)) = 7
= dimC(ΓA(1 · P )) + 1,
and we are done

Now we are ready to state our upper bound for the Gromov width of Grass-
mannian manifolds.
Theorem 5.3. Let G be a compact connected simple Lie group with Lie algebra
g. Let T ⊂ G be a maximal torus with a choice of simple roots S ⊂ t∗. For
λ ∈ t∗ ⊂ g∗, let Oλ be the coadjoint orbit passing through λ and ωλ be the
Kostant-Kirillov-Souriau form defined on Oλ. Assume that there is a maximal
parabolic subgroup P ⊂ GC associated with a simple root α ∈ S such that
Oλ ∼= GC/P, then
Gwidth(Oλ, ωλ) ≤ |〈λ , αˇ〉|
Proof. The symplectic manifold (Oλ, ωλ) is semipositive because when P ⊂ GC
is a maximal parabolic subgroup, the homology group H2(G/P ;Z) is cyclic. Let
J be the complex structure defined on (Oλ, ωλ) coming from the quotient of
complex Lie groups GC/P. The complex structure J is regular (see e.g. McDuff
and Salamon [43][Proposition 7.4.3]). Let A be the Schubert class that cyclic
generates H2(GC/P ;Z) and ΓA(1 · P ) be the degree A neighborhood of 1 · P.
The previous Theorem states that
GW algA,2
(
PD[1 ·P ],PD[ΓA(1 ·P )op]
)
= GWJA,2
(
PD[1 ·P ],PD[ΓA(1 ·P )op]
)
= 1
Thus, by Lemma 2.3
Gwidth(Oλ, ωλ) ≤ ωλ(A) = |〈λ , αˇ〉| 
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6. Upper bound for the Gromov width of coadjoint orbits of
compact Lie groups
The problem of finding upper bounds for the Gromov width of coadjoint or-
bits of compact Lie groups has already been addressed by Masrour Zoghi in
his Ph.D thesis [53] where he has considered the problem of determining the
Gromov width of regular coadjoint orbits of compact Lie groups. In this section,
we extend Zoghi’s theorem to coadjoint orbits of compact Lie groups that are
not necessarily regular. We estimate from above the Gromov width of arbitrary
coadjoint orbits of compact Lie group by computing Gromov-Witten invariants
on holomorphic fibrations whose fibers are isomorphic to Grassmannian mani-
folds.
Let G be a compact Lie group, g be its Lie algebra and g∗ be the dual of this
Lie algebra. Let λ ∈ g∗ and Oλ ⊂ g∗ be the coadjoint orbit passing through
λ. Let us assume that Oλ ∼= GC/P, where P ⊂ GC is a parabolic subgroup
of GC. We endow GC/P with a Kähler structure coming from its identification
with Oλ. This Kähler structure and the one defined on Oλ would be denoted
indistinguishably by (ωλ, J).
Let T ⊂ G be a maximal torus and let B ⊂ GC be a Borel subgroup with
TC ⊂ B ⊂ P. Let W = N(T )/T be the associated Weyl group. Let R be the
corresponding set of roots and S be the corresponding system of simple roots.
Let WP be the Weyl group of P and SP be the subset of simple roots whose
corresponding reflections are in WP .
The second homology group H2(GC/P ;Z) is freely generated as a Z-module
by the set of Schubert classes {[XP (sα)]}α∈S−SP .We denote the Schubert class
[XP (sα)] by Aα. The symplectic area of Aα is equal to ωλ(Aα) = |〈λ , αˇ〉|.
Now we show that for every class Aα there is a non-vanishing Gromov-Witten
invariant with one its constrains being Poincaré dual to the class of a point.
Theorem 6.1. Let P ⊂ GC be a parabolic subgroup, Aα ∈ H2(GC/P,Z) be
the class associated with a simple root α ∈ S−SP and ΓAα(1 ·P ) be the degree
Aα neighborhood of 1 · P. Then
GW algAα,2
(
PD[1 · P ],PD[ΓAα(1 · P )op]
)
= 1
Proof. We show that
c1(T (GC/P ))(Aα) = 1 + dimC(ΓAα(1 · P )),
and the result will follow from Theorem 4.1.
For the simple root α ∈ S − SP , we have a parabolic subgroup Q ⊂ P with
SQ = SP unionsq {α} and a fibration
piα : GC/P → GC/Q.
The fibration piα is holomorphic with respect to the complex structures defined
on the quotients of complex Lie groups GC/P,GC/Q.
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The fiber Q/P can be identified with the quotient of a simple complex Lie
group and a maximal parabolic subgroup. We also have an inclusion map
ια : Q/P ↪→ GC/P.
Let A be the Schubert class that cyclic generates H2(Q/P ;Z). Note that
ια∗(A) = Aα ∈ H2(GC/P ; Z) and piα∗(Aα) = 0 ∈ H2(GC/Q; Z).
We have an exact sequence of vector bundles over Q/P
0→ T (Q/P ) dια−−→ T (GC/P )|Q/P dpiα−−→ Q/P × gC/q→ 0
Thus,
c1(T (GC/P )|Q/P ) = c1(T (Q/P )) + c1(Q/P × gC/q) = c1(T (Q/P ))
The projection formula of Chern classes implies that
c1(T (GC/P )|Q/P )(A) = c1(ι∗α(T (GC/P )))(A)
= c1(T (GC/P ))(ια∗(A))
= c1(T (GC/P ))(Aα)
and we get
c1(T (Q/P ))(A) = c1(T (GC/P ))(Aα)
Now we describe the degree Aα neighborhood ΓAα(1 ·P ) of 1 ·P ∈ GC/P. Let
u : CP1 → GC/P be a J-holomorphic map of degree Aα. The map
piα ◦ u : CP1 → GC/Q
is holomorphic and its degree is equal to (piα ◦ u)∗[CP1] = (piα)∗[Aα] = 0 ∈
H2(GC/Q;Z). Therefore, the map pi ◦ u : CP1 → GC/Q is constant and the
image of u : CP1 → GC/P is totally contained in a fiber of piα : GC/P →
GC/Q. If the curve u passes through 1·P ∈ GC/P, we can identify u with a curve
of degree A in the fiber Q/P. As a consequence, the degree Aα neighborhood
ΓAα(1 · P ) ⊂ GC/P can be identified with the degree A neighborhood ΓA(1 ·
P ) ⊂ Q/P, and in particular they share the same dimension. By the proof of
Theorem 5.2,
c1(T (Q/P ))(A) = 1 + dimC(ΓA(1 · P )),
and thus
c1(T (GC/P ))(Aα) = 1 + dimC(ΓAα(1 · P )),
and we are done. 
The result that follows is the main theorem of this paper and gives an upper
bound for the Gromov width of coadjoint orbits of compact Lie groups that are
not necessarily regular.
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Theorem 6.2. Let G be a compact connected simple Lie group with Lie algebra
g. Let T ⊂ G be a maximal torus and let Rˇ ⊂ t be the corresponding system
of coroots. We identify the dual Lie algebra t∗ with the fixed points of the
coadjoint action of T on g∗. Let λ ∈ t∗ ⊂ g∗, Oλ be the coadjoint orbit passing
through λ and ωλ be the Kostant–Kirillov–Souriau form defined on Oλ, then
Gwidth(Oλ, ωλ) ≤ min
αˇ∈Rˇ
〈λ,αˇ〉6=0
|〈λ, αˇ〉|
Proof. Let P ⊂ GC be a parabolic subgroup such that Oλ ∼= GC/P. We estab-
lish the following convention: for every λ˜ ∈ t∗ such that the coadjoint orbit Oλ˜
is isomorphic with GC/P, we are going to see the Kostant-Kirillov-Souriau form
ωλ˜ defined on Oλ˜ as a symplectic form on GC/P.
Let {λn}n∈Z>0 ⊂ t∗ be a sequence that converges to λ. Assume that for every
n ∈ Z>0, the coadjoint orbit Oλn is isomorphic with GC/P and the Kostant-
Kirillov-Souriau form ωλn represents a cohomology class [ωλn ] with rational
coefficients.
Let J˜ ∈ J (GC/P, ωλ). Let J˜n ∈ J (GC/P, ωλn) be a sequence that converges
to J˜ in the C∞-topology.
For every n ∈ Z>0, the symplectic manifold (GC/P, ωλn) meets all the
requirements of Theorem 2.7: the almost complex structure J coming from
the quotient of complex Lie groups GC/P is regular and compatible with the
Kostant-Kirillov-Souriau form ωλn . For any simple root α ∈ S − SP , the ho-
mology class Aα ∈ H2(GC/P ;Z) is J-indecomposable and according to the
previous theorem there exists a cohomology class a ∈ H∗(GC/P ;Z) such that
GWJAα,2
(
PD[1 · P ], a) 6= 0
Thus by Theorem 2.7, for every point p ∈ GC/P, we can find a J˜n-holomorphic
sphere un : CP1 → GC/P of degree Bn passing through p with 0 < ωλn(Bn) ≤
ωλn(Aα). The Gromov compactness theorem implies that there exists a J˜-
holomorphic curve of degree B passing through p with 0 < ωλ(B) ≤ ωλ(Aα).
By Theorem 2.1,
Gwidth(Oλ, ωλ) ≤ ωλ(Aα) = |〈λ, αˇ〉|
The above inequality holds for any α ∈ S − SP , and as consequence for any
α ∈ R+ −R+P , and we are done.

7. Appendix: Fibrations
Let G be a compact simple Lie group. Let T ⊂ G be a maximal torus,
B ⊂ GC be a Borel subgroup with TC ⊂ B and S be the corresponding system
of simple roots. Let W = N(T )/T be the associated Weyl group. For a
parabolic subgroup P ⊂ GC, B ⊂ P, let WP = NP (T )/T be the Weyl group of
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P and SP be the subset of simple roots of S whose corresponding reflections
are in WP . Let WP ⊂ W be the set of all minimum length representatives for
cosets in W/WP . For w ∈ WP , let XP (w) ⊂ GC/P be the Schubert variety
associated with w ∈WP .
For a pair of parabolic subgroups P,Q ⊂ GC, such that B ⊂ P ⊂ Q, we have
a quotient map GC/P → GC/Q. We want to study the images and preimages
of Schubert varieties under these quotient maps.
Lemma 7.1 (Stumbo [52]). For parabolic subgroups P,Q ⊂ GC such that
B ⊂ P ⊂ Q define
WPQ := {w ∈WQ : l(ws) > l(w) for s ∈ SP }
= minimum length representatives of cosets in WQ/WP
Given w ∈WP , there is a unique wQ ∈WQ and a unique wPQ ∈WPQ such that
w = wQwPQ. Their lengths satisfy l(w) = l(wQ) + l(wPQ).
Lemma 7.2. For parabolic subgroups P,Q ⊂ GC such that B ⊂ P ⊂ Q, let
wpq , wp and wq be the longest elements inWPQ ,WP andWQ, respectively. Then,
wpq = wqwp.
Proof. Let w0 be the longest element in W. The quotient map pi : W →WP ∼=
W/WP is order preserving and thus the longest element in WP is pi(w0). By
the previous lemma w0 = pi(w0)wp, so that pi(w0) = w0w−1p . Similarly, for the
quotient map pi′ : W → WQ ∼= W/WQ, we have that pi′(w0) = w0w−1q is
the longest element in WQ. Using again the previous Lemma, we have that the
permutation pi′(w0)wpq is the longest permutation in WP . So that pi′(w0)wpq =
pi(w0), and thus w0w−1q wpq = w0w−1p or wpq = wqw−1p . The longest element in
any finite Coxeter group is idempotent. Thus w2p = e, and we are done. 
Proposition 7.3. For parabolic subgroups P,Q ⊂ GC such that P ⊂ Q ⊂ GC,
let
piq : GC/P → GC/Q
be the quotient fibration. If we decompose w ∈WP as wQwPQ, where wQ ∈WQ
and wPQ ∈WPQ , then piq∗(XP (w)) = XQ(wQ). On the other hand, if w˜ ∈WQ,
then pi∗q (XQ(w˜)) = XP (w˜wpq ), where wpq is the longest element in WPQ .
Proof. The map piq : GC/P → GC/Q is B-equivariant and closed (this is a
consequence of for example the closed map lemma). This implies that Schubert
cells, which are B-orbits, and Schubert varieties, which are their closures, in
GC/P are mapped to Schubert cells and Schubert varieties in GC/Q, respec-
tively.
For w ∈ WP ⊂ W, there exist unique wQ ∈ WQ and wPQ ∈ WPQ ⊂ WQ
such that w = wQwPQ and l(w) = l(wQ) + l(wPQ). The Schubert cell CP (w) =
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BwP/P ⊂ GC/P is mapped to the Schubert cell CQ(wQ) = BwQQ/Q ⊂
GC/Q via pi, and
piq∗(XP (w)) = piq∗(CP (w)) = piq∗(CP (w)) = CQ(wQ) = XQ(wQ).
On the other hand, if w˜ ∈WQ, then
pi∗q (CQ(w˜)) =
⊔
v∈WP
vQ=w˜
CP (v).
The maximum element, with respect to the Bruhat order defined on WP , in the
set {v ∈WP : vQ = w˜} is w˜wpq , where wpq denotes the longest element in WPQ .
Since pi is a continuous map, we have that
pi∗q (XQ(w˜)) = pi∗q (CQ(w˜)) =
⊔
v∈WP
vQ=w˜
CP (v) =
⊔
v∈WP
v≤Bw˜wpq
CP (v) = XP (w˜wpq ).

The following two technical lemmas are needed it in the proof of Theorem
5.3:
Lemma 7.4. Let α ∈ S be a simple root and N(α) ⊂ S be the neighbors of α
in the Dynkin diagram of G, i.e., the simple roots connected to α by an edge in
the Dynkin diagram of G. Let P,R ⊂ GC be the parabolic subgroups such that
SP = S − {α}, SR = S − (N(α) ∪ {α}), respectively. Then
WRP · sα ⊂WP
Proof. Let w ∈ WRP . We write w = s1 · . . . · sr where s1, . . . , sr are simple
reflections in SP . Suppose that there exists a simple reflection t in SP such that
l(wsαt) < l(wsα). By the Exchange Principle (see e.g. Humphreys [26]),
wsαt = s1 · . . . · sˆi · . . . · srsα
for some i, in particular sαtsα ∈ WP . We now consider two cases and see that
this is not possible:
(1) Suppose that sαt = tsα. Thus t /∈ N(α), but t 6= sα so t ∈ S−(N(α)∪
{sα}) = SR. As w ∈WRP
l(wt) > l(w),
hence
l(wsαt) = l(wtsα) = l(wt) + 1 > l(w) + 1 = l(wsα),
which contradicts our asumption of having l(wsαt) < l(wsα).
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(2) Suppose that sαt 6= tsα. If l(sαtsα) 6= 3, by the Deletion Principle (see
e.g. Humphreys [26]) either sαtsα = sα, or sαtsα = t, which are not
possible. So l(sαtsα) = 3. Now, clearly l(sαt) = l(sαtsαsα) = 2 <
l(sαtsα), so if sαtsα = s1s2s3, for some simple reflections s1, s2, s3 ∈
SP , by the Exchange Principle sαt ∈WP which would imply that sα ∈
WP , a contradiction.

Lemma 7.5. Let α ∈ S be a simple root, P ⊂ GC be the maximal parabolic
subgroup associated with α and A be the Schubert class that cyclic generates
H2(GC/P ;Z). Let P,Q,R ⊂ GC be the parabolic subgroups with SP = S −
{α}, SQ = S −N(α) and SR = S − (N(α) ∪ {α}), where N(α) ⊂ S denotes
the neighbors of α in the Dynkin diagram of G. Let pip : GC/R → GC/P and
piq : GC/R→ GC/Q be the corresponding quotient maps. Then
piq∗(pi∗p(1 · P )) = XQ(wpwr)
where wp and wr are the longest elements in WP and WR, respectively. In
addition,
pip∗(pi∗q (XQ(wpwr))) = XP (wpwrsα),
where sα is the simple reflection associated to α ∈ S.
Proof. By the Proposition 7.3, we have that pi∗p(XP (e)) = XR(wrp) = XR(wpwr),
so
piq∗(pi∗p(1 · P ) = piq∗(XR(wrp)).
Note that WRP ⊂WQ. In particular wrp ∈WQ, and thus
piq∗(pi∗p(1 · P )) = XQ(wrp)
Finally, Lemma 7.4 implies that wrpsα ∈WP , thus
pip∗(pi∗q (XQ(wrp))) = pip∗(XR(wrpsα)) = XP (wrpsα),
and we are done. 
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